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The steady streaming motion that appears around a
pair of circular cylinders placed in a small-amplitude
oscillatory flow is considered. Attention is focused on
the case where the Stokes layer thickness at the surface
of the cylinders is much smaller than the cylinder
radius, and the streaming Reynolds number is of order
unity or larger. In that case, the steady streaming
velocity that persists at the edge of the Stokes layer can
be imposed as a boundary condition to numerically
solve the outer streaming motion that it drives in
the bulk of the fluid. It is investigated how the
gap width between the cylinders and the streaming
Reynolds number affect the flow topology. The results
are compared against experimental observations.

1. Introduction

(a) Rayleigh streaming
It is well known that when a fixed solid body is placed in
an oscillatory flow, or a body that is oscillating is placed
in a fluid that is otherwise at rest, a time-averaged, steady
streaming motion appears. As pointed out by Lighthill [1],
it is the viscous attenuation close to the solid boundary of
the object that makes momentum flux available to force
this streaming motion. As the origins of the theoretical
treatment of this problem can be traced back to Lord
Rayleigh [2], this type of streaming is often called
Rayleigh streaming [3]. In this paper, we are concerned
with the Rayleigh streaming around a pair of cylinders
of equal radius a placed in an oscillatory flow U cos(ωt).
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Figure 1. Streaming regimes basedonε,Rs,M andRe. Experimental observations for the oscillatory flowabout a single cylinder
are classified into four categories. The shaded area indicates the area of interest of this work. (Online version in colour.)

(b) Dimensionless parameters
Let us, for now, withhold the specific geometric features of this configuration, and consider
a generic obstacle of typical size a placed in an incompressible oscillatory flow. Early work
on this problem—often using a single cylinder or sphere as an illustrative example—includes
experiments [4–12] and theoretical analyses [2,6,8–11,13]. It was, however, not until the work
of Stuart [14,15] and Riley [16,17] that a clear theoretical understanding of this problem was
achieved. We refer to Riley [17, section 3] for a review of the early studies listed before, and a
discussion of how they are interconnected. Following Riley [17], the flow is characterized by the
dimensionless oscillation amplitude ε= s/a, where s = U/ω is a measure for the amplitude of
displacement of the fluid particles in the fluctuating flow, and the Reynolds number Re = Ua/ν,
where ν is the kinematic viscosity of the fluid. From these two basic parameters, two others can be
constructed that will prove useful in the description of the flow structure: a Womersley number
M = (Re/ε)1/2 = a/(ν/ω)1/2, which represents the ratio of the characteristic size of the obstacle to
the thickness of the Stokes shear-wave layer near the surface of the obstacle; and the streaming
Reynolds number Rs = εRe = U2/(ων), which is a Reynolds number based on the velocity εU—or
alternatively on the length scale s instead of a.

(c) Streaming regimes
Let us discuss the different regimes of streaming that exist for oscillatory flow about a generic
obstacle, based on the value of these parameters, and let a collection of experimental observations
for the oscillatory flow about a single circular cylinder [4–12,18–25] assist us in doing so. Figure 1
shows the location of these experiments in the Rs–ε parameter space. Note that in this log–log
plot, lines of equal value of Re are straight lines with a 45◦ inclination, whereas lines of equal
value of M are the less steeply inclined straight lines.

When the amplitude of oscillation is small, ε� 1, the streaming regimes can be categorized
based on the value of the parameter M. For M � 1, the fluctuating vorticity is not confined to
a thin layer near the surface, but extends to a wide region around the object. No experimental
observations have been found in the literature for this case. For M = O(1), the thickness of the
Stokes layer is of the order of the size of the obstacle. Experiments for a circular cylinder [4,20,22]
showed that when 1 � M � 7, a single steady circulatory motion exists in each quadrant about the
cylinder, with a direction such that the streaming motion is towards the cylinder along the axis
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of oscillation (named ‘inner circulatory streaming’ in figure 1). When M � 7, a second streaming
motion with opposite direction appears around the former one in each quadrant (named ‘inner
circulatory/outer streaming’ in figure 1). The region of inner circulatory motion shrinks with
increasing M, until it becomes confined to a thin layer near the surface, and the outer streaming
becomes the dominant feature (named ‘outer streaming’ in figure 1). The value of M for which
the latter regime starts is rather arbitrary, but for circular cylinders most authors cannot see the
inner circulatory region beyond M � 40. For M � 1, the vorticity that is created as a result of the
no-slip condition at the surface of the obstacle is confined to a very thin Stokes layer. It can be
shown theoretically [17] that the action of the Reynolds stresses in this layer generates a steady
streaming, which penetrates to the edge of the Stokes layer to drive a streaming with a velocity
O(εU) in the bulk of the fluid. The latter streaming motion is governed by the full equations
of motion for steady viscous flow at Reynolds number Rs. Consequently, for Rs � 1, the outer
steady streaming motion takes on a Stokes-like character, whereas for Rs � 1 the outer streaming
near the obstacle is of a boundary-layer type. For a single cylinder such boundary-layer flow
has been observed experimentally, with thin jets coming off the cylinder where boundary layers
with opposite directions collide [18,21]. In this work, we will be concerned with the case ε� 1,
M � 1 and Rs � 1. Note that this implies that Re � 1, so that at leading order the flow is essentially
inviscid. This will be exploited in the solution procedure presented in §2b.

When the amplitude of the oscillatory flow is not sufficiently small, experimental evidence
shows that a steady streaming motion can still be present, but that it is often accompanied
by complicated three-dimensional features such as Honji instabilities [26], vortex shedding or
turbulence [23]. The corresponding experiments are categorized as ‘other streaming regimes’ in
figure 1. Note that in the literature corresponding to this regime, instead of ε and M, the commonly
used non-dimensional numbers are the Keulegan–Carpenter number KC = πε and the Stokes
number β = 2M2/π [27].

(d) Oscillatory flow about a cylinder pair
For the two-cylinder configuration investigated below, the gap width g between the cylinders
introduces an additional dimensionless parameter ga = g/a. We are interested in the case where
ga is of order unity. This flow was studied by Coenen & Riley [28] in the limit ε� 1, Rs � 1;
an extension to the case of two cylinders with unequal radii was given by Coenen [29]. They
obtained an analytical description for the steady streaming velocity that persists at the edge of
the Stokes layer, and used it as a boundary condition for the numerical solution of the boundary-
layer equations that govern the outer streaming flow near the surface of the cylinders in the
limit Rs � 1. Along the surface of each cylinder, regions of flow with opposite directions were
encountered, colliding at the so-called points of ejection. It was conjectured that at these points,
thin jets would emerge from the cylinder surface, with an angle of ejection that is related to the
ratio of momentum carried by the streaming boundary-layer flow coming from either side of the
ejection point. This study aims to increase our understanding of this flow by solving the complete
outer streaming field, for values of Rs equal O(1).

(e) Applications
As we will see in the results of this work, the streaming flow field around a cylinder pair for
M � 1 and Rs � 1 is characterized by four vortical regions. Recently, such streaming eddies
have been used in the context of particle trapping. Lutz et al. [30] have been able to trap
microspheres and cells in streaming microeddies around a cylinder placed in an oscillatory flow
in a microfluidic device. The eddies correspond to the ‘inner circulatory/outer streaming’ regime
(in their experiments, ε� 0.1 and 10 � M � 20). Also in a microfluidic setting, Wang et al. [31] have
shown that it is possible to use the streaming eddies around an acoustically excited microbubble
to selectively trap particles based on their size. Lieu et al. [32] have explored the influence of device
geometry on particle trapping behaviour by using, for example, square cylinders or cavities.
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Figure 2. Definition sketch, (a) before and (b) after non-dimensionalizing.

House et al. [33] have investigated particle trapping around an array of microcylinders placed in
an oscillating flow; they state operating conditions 0.04 ≤ ε≤ 0.2 and M = 4.5. In the same context
of particle trapping, Chong et al. [34,35] have investigated numerically the trajectories of inertial
particles in a streaming flow field around one or multiple circular cylinders, which was obtained
using the solution method of Holtsmark et al. [9]. They present results for ε= 0.2 and ε= 0.1, and
Re = 40. These studies do not reach values of M high enough to fall under the ‘outer streaming’
category of M � 1 and Rs � 1 at which the method proposed in this study is aimed. Nevertheless,
with an increase in radius or in frequency, such values can be achieved without difficulty.

(f) Objective and outline
In summary, in this paper, we aim to give a detailed description of the steady streaming motion
around a cylinder pair placed in a small-amplitude (ε� 1) oscillatory flow for the case M � 1
and Rs � 1. In the limit ε� 1, the streaming at leading order is obtained by numerically solving
the steady Navier–Stokes equations with Reynolds number Rs, subject to the streaming velocity
at the edge of the Stokes layer as a slip boundary condition at the surface of the cylinders. The
accuracy of this method is confirmed by comparing the results with experimental observations
for ε= 0.14 and Rs � 30, with two different values of the gap width, ga = 1 and ga = 2. The outline
of the remainder of the paper is as follows. Section 2 contains the problem formulation, together
with the solution method in the limit ε→ 0. In §3, we treat the numerical solution of the problem.
Section 4 describes the experiment and its results. Finally, conclusion is drawn in §5.

2. Theory

(a) Problem formulation
We consider the oscillatory flow about two circular cylinders of equal radius, separated by a fixed
distance g. The flow has velocity magnitude U cos(ωt) and is directed perpendicular to the line
connecting the cylinder centres, as sketched in figure 2a.

We introduce dimensionless variables using U, ω−1 and a as characteristic scales. The
dimensionless time is denoted as τ . A cartesian dimensionless coordinate system (x, y) is defined
with its origin at the midpoint between the cylinders, as indicated in figure 2b, so that the centres
of the cylinders are located at x = ±(1 + ga/2), y = 0. Let x = xêx + yêy denote a spatial position. To
indicate a point on the surface of the cylinders, we introduce the angle θ with the horizontal, as
defined in figure 2b. Finally, in our development, we will need the normal and tangential vectors
n̂ and t̂. Note that the flow is symmetric about the plane x = 0 and also about the plane y = 0.

The dimensionless momentum equation that governs the oscillatory flow may be written in
terms of the stream function ψ , related to the velocity v = (vx, vy) by vx = ∂ψ/∂y and vy = −∂ψ/∂x,
as

∂

∂t
(∇2ψ) − ε

∂(ψ , ∇2ψ)
∂(x, y)

= ε2

Rs
∇4ψ , (2.1)
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where −∇2ψ is the vorticity. We repeat, for convenience, the dimensionless numbers that
characterize the flow

ε= U
ωa

, Rs = εUa
ν

and ga = g
a

. (2.2)

The boundary conditions require that

v = 0 on the surface of the cylinders,
[
x ±

(
1 + ga

2

)]2
+ y2 = 1 (2.3)

and

v → (0, cos τ ) or ψ ∼ x cos τ , far away from the cylinders, |x| → ∞. (2.4)

Integrating (2.1) subject to the boundary conditions given in (2.3) and (2.4), starting from a
certain initial condition at τ = 0, e.g. the fluid being at rest, yields the temporal evolution of
the flow. The steady streaming nature of the flow is revealed by taking the time average over
an oscillation cycle. As τ → ∞, the influence of the particular initial condition vanishes, and the
time average over subsequent oscillation cycles does not change any longer. It is this long-term
steady streaming behaviour, we are concerned with. Solving the time-dependent problem (2.1)
numerically during a sufficiently long time span to obtain this steady streaming behaviour
is costly.

The description can be facilitated by considering the asymptotic limit ε→ 0, in which,
provided Rs � 1, the Stokes layer thickness, O(M−1 = εR−1/2

s ), becomes very small, and in which
the steady streaming motion can be obtained by a single integration of the steady Navier–Stokes
equations with Reynolds number Rs, imposing the streaming velocity that persists at the edge
of the Stokes layer as a slip boundary condition on the surface of the cylinders. That streaming
velocity at the edge of the Stokes layer was obtained for the case of a cylinder pair by Coenen &
Riley [28], using the method of matched asymptotic expansions. In the following, we summarize
their findings.

(b) Asymptotic solution for ε→ 0
When ε→ 0, the stream function can be expanded as

ψ(x, τ ) =ψ0(x, τ ) + ε{ψ (u)
1 (x, τ ) + ψ

(s)
1 (x)} + O(ε2), (2.5)

where a steady streaming, or time-independent, element has been anticipated at O(ε), indicated
by the superscript (s); the superscript (u) denotes the unsteady part. At leading order, the flow is
inviscid and is given by

ψ0(x, τ ) = ψ̃0(x) cos τ , (2.6)

where ψ̃0 corresponds to the potential flow around the cylinder pair,

∇2ψ̃0 = 0, (2.7)

subject to the steady counterpart of the boundary condition (2.4) in the far field,

ψ̃0 ∼ x as |x| → ∞. (2.8)

At the surface of the cylinders, the no-slip condition cannot be satisfied. Insteady, only the normal
part of the velocity, ṽ0 · n̂, is set to zero. The tangential part, the velocity of slip V0 = ṽ0 · t̂, must
be accommodated by introducing an inner viscous Stokes layer. To solve the oscillatory flow in
this layer, an expansion analogous to (2.5) can be used, and the leading-order solution can be
found exactly—see eqn (3.10) of Coenen & Riley [28]. We are, however, interested in the steady
streaming part of the solution. It can be shown that the streaming in the Stokes layer persists
beyond it, and that it is seen by the outer flow as a steady streaming velocity εU(s)

e at the edge of
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Figure 3. Streaming velocity U(s)e that persists at the edge of the Stokes layer for different values of the gap width ga. Note that
U(s)e is defined to be positive in the direction of the tangential vector t̂, as indicated in figure 2. (Online version in colour.)

the Stokes layer, where

U(s)
e = − 3

4 V0t̂ · VV0. (2.9)

Analytic expressions for ψ̃0, V0 and U(s)
e in a bipolar coordinate system are given in appendix A.

Figure 3 shows U(s)
e as a function of the angle π − θ , measured from the inner side of the cylinder

pair, for different values of the gap width ga.
The streaming velocity εU(s)

e at the edge of the Stokes layers drives the outer streaming motion
at O(ε), governed by the steady Navier–Stokes equations with Rs as the Reynolds number,

V · v
(s)
1 = 0 (2.10)

and

v
(s)
1 · Vv

(s)
1 = −Vp(s)

1 + Rs
−1∇2v

(s)
1 , (2.11)

written in terms of the streaming velocity v
(s)
1 = (v(s)

1,x, v(s)
1,y) = (∂ψ (s)

1 /∂y, −∂ψ (s)
1 /∂x). Equations (2.10)

and (2.11) are subject to the boundary conditions

v
(s)
1 = U(s)

e t̂ on the surface of the cylinders,
[
x ±

(
1 + ga

2

)]2
+ y2 = 1 (2.12)

and

v
(s)
1 → 0 far away from the cylinders, |x| → ∞. (2.13)

The numerical solution of (2.10)–(2.13) is described later. Note that the O(ε) solution v
(s)
1 is the

leading-order solution for the steady streaming motion, and in the remainder of the paper we will
refer to it as so.

3. Numerical solution

(a) Method
The computational domain is depicted in figure 4a. Because of the symmetry of the flow, the
computation is restricted to the first quadrant, bounded by the horizontal and vertical symmetry
planes Σh (y = 0) and Σv (x = 0), the cylinder surface Σc, and the far-field boundaryΣf located at
xmax = ymax = ga/2 + 21. It was checked that increasing xmax or ymax beyond this value does not
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Figure 4. (a) Schematic diagram of the computational domain. (b) The unstructured computational mesh in the vicinity of the
cylinder for a typical case.

have an effect on the solution. The boundary conditions that are imposed are

v
(s)
1 = U(s)

e t̂ on Σc, (3.1)

v
(s)
1,x =

∂v
(s)
1,y

∂x
= 0 on Σv, (3.2)

v
(s)
1,y =

∂v
(s)
1,x

∂y
= 0 on Σh (3.3)

and − p(s)
1 n̂ + 1

Rs
n̂ · Vv

(s)
1 = 0 on Σf, (3.4)

where the last condition corresponds to the stress-free natural boundary condition in the far field.
The numerical solution of equations (2.10) and (2.11) is based on a combination of

a finite-element method and a Newton–Raphson iterative algorithm. The perturbed and
linearized equations associated with the Newton–Raphson algorithm are written in a variational
formulation and are discretized on an unstructured mesh composed of triangular elements. To
generate the triangulation, we use the FreeFem++ software [36], which employs a Delaunay–
Voronoi algorithm. The initial mesh refinement is controlled by the distance between the
discretization points on the boundaries of the domain. The linear system resulting from the
FreeFem++ finite-element formalism are solved using the MUMPS solver [37,38]. After obtaining
a solution with the initial mesh, the mesh is adapted using FreeFem++’s intrinsic adaption
algorithm: a metric based on the Hessian of the velocity field is computed to give an interpolation
error estimate, and a new mesh is constructed, minimizing this error estimate within a certain
tolerance level. The solution is then recomputed with the new mesh and the adaption procedure
is repeated, this time with a stricter tolerance level. The solution–adaption cycle is executed four
times, with the last and strictest interpolation error tolerance set to 0.0015. The final mesh has
approximately 25 000 triangles, the largest side of the smallest triangle measuring approximately
0.002. Figure 4b shows an example of the final computational mesh in the vicinity of the cylinder
for a typical case. The complete solution procedure takes about an hour on a workstation with
Intel Xeon E5645 CPUs and 48 GB of RAM.

Note that to impose the boundary condition (3.1) at the cylinder surface, we can either use
the analytical expression for U(s)

e from Coenen & Riley [28], summarized in appendix A, or we
can obtain U(s)

e numerically by solving the potential flow around the cylinder pair—the Laplace
equation (2.7) with adequate boundary conditions—computing the velocity of slip V0 on the
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the meaning of the points S, P and E.

surface of the cylinders, and finally applying formula (2.9). Because the Laplace equation for
the potential flow is linear, the second option is easily implemented in the numerical procedure
described above as a preliminary step before starting the Newton–Raphson method for the steady
Navier–Stokes equations. It was checked that both options gave the same results for U(s)

e .

(b) Results
Figure 5 shows the results from the numerical solution of the leading-order steady streaming flow
v

(s)
1 around a cylinder pair with a gap width ga = 2 and a streaming Reynolds number Rs = 40. A

recirculating eddy characterizes the flow in each quadrant. Inside this eddy, fluid is advected
along the cylinder surface until it reaches the point E, where it is ejected vertically away from
it, arriving at the stagnation point S, from which it moves downwards and towards the cylinder
again. At the centre of the eddy lies a stagnation point P. Outside the recirculating region, fluid is
entrained horizontally towards the cylinder, streams along the cylinder surface, until it is ejected
vertically at the ejection point E.

Figure 6 shows how the streaming flow field varies with the gap width ga and the streaming
Reynolds number Rs; streamlines are superposed on the vorticity ∇ × v

(s)
1 . In all cases, only the

first quadrant is shown; the others can be deduced from symmetry.
The size of the recirculating eddy scales with the gap width ga between the cylinders. Figure 7b

shows that the vertical location yS of the stagnation point S, which can be considered as a measure
of the eddy size, varies linearly with ga for ga � 2. The stagnation point P at the centre of the eddy
also moves linearly as ga is increased beyond ga � 2 (not shown here). The variation of yS with
the streaming Reynolds number Rs is shown in figure 7c. It is remarkable that yS tends to a finite
limit as Rs → ∞.

As can be seen in figure 6, at low Rs, the region of high vorticity is distributed over a large area
around the cylinders, with values that gradually decrease with increasing distance to the surface
of the cylinders. On the contrary, at high Rs, a uniform distribution of vorticity is observed in the
recirculating eddy—this is in agreement with the theory of Batchelor [39] that a high-Reynolds-
number flow with closed streamlines must have a uniform distribution of vorticity—bounded by
a thin layer of thickness O(R−1/2

s ) with high values of the vorticity. The flows in these boundary
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Figure 7. (a) Position of the point of ejection E as a function of the gap width ga, from the present computations for Rs = 160
(solid squares) and from the boundary-layer computations of Coenen & Riley [28]. (b) Position of the vertical stagnation point
S as a function of the gap width ga. (c) Position of S as a function of the streaming Reynolds number Rs; the crossed circles
correspond to the experimental results presented in figures 9 and 10. (Online version in colour.)

layers, coming from either side of the cylinders, collide and fluid is ejected in the form of thin
jets. This behaviour is in agreement with the theoretical and experimental study of Davidson &
Riley [18] for the case of a single cylinder. Coenen & Riley [28] took advantage of the boundary-
layer character to study the streaming flow about a cylinder pair in the limit ε→ 0 and Rs � 1.
By numerically marching the boundary-layer equations along the cylinder surface, starting at
the points of attachment, they determined the point of ejection as the point where the numerical
integration would fail. The solid line of figure 7a shows the location of that point of ejection E
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as a function of the gap width ga. Their result is in very good agreement with the result of the
present work at the highest value of the streaming Reynolds number, Rs = 160, indicated by the
solid squares. They also found the momentum flux coming from the inner side of the cylinder
pair (θ > θE) to be larger than that coming from the outer side (θ < θE), with increasing difference
as ga → 0. They conjectured that consequently the jets at the points of ejection would emerge non-
normally from the surface, directed towards the outer side of the cylinder pair [28, fig. 13]. The
full Navier–Stokes solutions of this work at Rs = 160 (bottom row of figure 6) show indeed higher
streaming velocities at the inner side of the cylinder pair than at the outer side, with an increasing
difference for decreasing values of the gap width ga. Contrary to expectations, the angle of ejection
of the jet is not seen to increase when ga → 0.

4. Experiments
To assess the accuracy of the solutions presented in §§2 and 3, we have conducted a simple
experiment to visualize and quantify the steady streaming around a cylinder pair, for a fixed
value ε= 0.14, a streaming Reynolds number Rs � 30, and two values of the gap width, ga = 1
and ga = 2. In the experiments, it is the cylinder pair that moves in an otherwise quiescent fluid,
whereas in the theory of §2, it is the fluid that undergoes harmonic oscillations around the
cylinders that are at rest. Engevik & Svardal [40] showed that the observed mean Lagrangian
velocity—as the velocity that is observed in experiments—must be the same in both cases.
Because in the present flow the Stokes drift is zero (e.g. [21]), that also means that the mean
Eulerian velocity—as introduced in §2—must be the same in both cases, and be equal to the mean
Lagrangian velocity. This allows a direct comparison between the numerical results of §3 and the
experimental results of the present section.

(a) Set-up
The experimental set-up is sketched in figure 8. An acrylic tank of dimensions 100 × 40 × 40 cm
is filled with water at room temperature (ν = 0.01 cm2 s−1). A floating EVA foam lid, fixed to
the sides of tank, is placed on top of the water. The lid has a 10 × 10 cm opening at its centre.
A horizontal platform with an identical opening at its centre is placed above the tank without
making contact to it. The platform supports an aluminium carrier that slides over a pair of rails
above the aperture. The carrier is connected by a rod to an eccentric sheave driven by a DC motor.
This yields a linear oscillation of the carrier with an amplitude of 0.15 cm, and an adjustable
frequency f between 0 and 2.5 Hz. Two solid PVC cylinders of radius a = 1.05 cm and length 25 cm
are attached to the carrier, passing through the opening in the platform, into the water. The ends of
the cylinders are rounded. The cylinders are placed vertically in such a manner that a horizontal
line connecting their longitudinal axes is perpendicular to the long side of the tank, and that the
mid-point between the cylinders coincides with the centre of the tank. The gap width g between
the cylinders can be varied between 0 and 2 radii. Note that with this set-up, the value of the
dimensionless oscillation amplitude is fixed to ε= 0.14, and that the streaming Reynolds number
is directly proportional to the frequency f of the linear oscillator, Rs = 2π fε2a2/ν.

The water in the tank is seeded with Potters Sphericel� 110P8 hollow glass microspheres with
a mean diameter of 11 µm. A laser (Lasing s.a. EXLSR–531–300–CDRH) is placed in the direction
perpendicular to the line connecting the axes of the cylinders, at a distance of approximately 3 m
from the tank. The laser beam passes through a cylindrical lens that creates a horizontal laser
sheet. The vertical height of the laser sheet is adjusted so that it passes through the longitudinal
centre of the cylinders. To avoid reflections, the sides of the tank are covered with black paper,
with the exception of a thin slit through which the laser sheet enters. In this manner, a planar
region of fluid around the two cylinders is illuminated from one side, leaving two dark shadow
regions on the other side. To slightly enhance the illumination of these dark regions, a mirror is
placed inside the tank on the shadow side.
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Figure 8. Schematic diagram of the experimental set-up. (Online version in colour.)

The two-dimensional steady streaming flow pattern in the illuminated horizontal plane is
visualized by a phase-average of a series of photographs. To that aim, the movement of the
microspheres is recorded with a digital camera (Illunis XMV-2M-CL with a Nikon lens), situated
below the tank. A custom-made optical sensor placed on the platform measures the oscillating
movement of the carrier, and hence of the cylinders. Every cycle, when the cylinders are in the
same phase, it sends a pulse to the camera, upon which the latter takes a picture. The resulting
series of photos is post-processed in MATLAB�. Averaging 100–200 consecutive frames results
in a clear image of the streamline pattern. Furthermore, the streaming flow field is quantified
by applying particle image velocimetry (PIV) to two consequent frames, with use made of the
algorithm developed by Astarita [41,42].

The steady streaming motion, being a secondary flow, is very sensitive to external
perturbations. Therefore, after stirring the water to ensure a uniform distribution of microspheres,
we must wait a few hours to make sure that there is no residual motion of the fluid, before starting
the movement of the cylinders. Once started, we wait again a sufficiently long time (approx.
200 cycles) for the streaming motion to be steady.

(b) Results
Experimental results for the cases ga = 1, Rs = 31, ε= 0.14 and ga = 2, Rs = 27, ε= 0.14 are
given in figures 9a, b and 10a, b, respectively. In both figures, panel (a) shows the streamlines
obtained by phase-averaging the photographs, whereas panel (b) gives the corresponding velocity
magnitude and direction, obtained with PIV. Here, the magnitude of the velocity has been non-
dimensionalized with its theoretical order of magnitude, εU = 2π fε2a. It can immediately be
observed that the experimentally measured streaming velocities around the cylinder pair are
indeed of this order of magnitude. Panels (c) of figures 9 and 10 show, for comparison, the leading-
order streaming flow field v

(s)
1 , obtained numerically as explained in §3. The agreement between

experiment and theory in the general flow topology is very good. Note that the experimentally
measured positions of the vertical stagnation point S are also included in figure 7, and show good
agreement with the numerical results. The same holds for the stagnation point P at the centre of
the eddy (not shown).

In the experiments, four thin inner circulatory regions can be observed around each cylinder,
with a radial extent of approximately 9% of the cylinder radius. This is best observed in
figure 11, which was obtained under similar circumstances: ga = 1.9, Rs = 26 and ε= 0.14.
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Figure 9. (a,b) Experimental results for ga = 1, Rs = 31 and ε= 0.14: (a) phase average and (b) streaming velocity field
obtained with PIV and (c) leading-order streaming velocity field v(s)

1 . (Online version in colour.)
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Figure 10. (a,b) Experimental results for ga = 2, Rs = 27 and ε= 0.14: (a) phase average and (b) streaming velocity field
obtained with PIV and (c) leading-order streaming velocity field v(s)

1 . (Online version in colour.)

The non-dimensional Stokes layer thickness in our experiments is 1
36 � M−1 � 1

40 . When we place
them on the parameter plane of figure 1, we see that they are indeed located at the edge of the
region where other authors, e.g. Raney et al. [10]—for the case of a single cylinder—detected an
inner circulatory region. Clearly, therefore, the present experiments lie at the edge of the region of
validity of the proposed solution method. Owing to experimental limitations, we did not explore
higher values of M, for which improved agreement is expected.

The experimental observations exhibit a small asymmetry around the central stagnation point
between the cylinders. Changing the phase in the oscillation cycle at which the camera was
triggered did change the location of that stagnation point to some extent, but an asymmetry
was always present. Furthermore, the offset of the central stagnation point was always observed
towards the same side of the cylinder pair, suggesting imperfections in the driving mechanism of
the cylinders lie at its basis. In this connection, it is worth mentioning the work of Tatsuno [22],
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Figure 11. Experimental visualization of the streaming flow by phase averaging, for ga = 1.9, Rs = 26 and ε= 0.14.

who investigated the effect of unharmonic oscillations on the streaming patterns around a
single circular cylinder. The asymmetric sawtooth-like oscillations in his experiments caused an
additional unidirectional flow to be superposed to the conventional streaming patterns. In our
experiments, as the streaming velocities near the stagnation point are very small, even a small
additional flow, caused by a slight anharmonicity of the cylinder oscillations, would be sufficient
to cause an offset. A further investigation in this regard might be interesting, but lies outside the
scope of this work.

5. Concluding remarks
We have considered the steady streaming motion that appears when a cylinder pair is placed in
a small-amplitude (ε� 1) oscillatory flow. We have focused on the case where the Stokes layer
thickness (ν/ω)1/2 is much smaller than the cylinder radius, and the streaming Reynolds number
Rs is of order unity or larger. In that case, the steady streaming velocity that persists at the edge of
the Stokes layer, U(s)

e , drives a streaming motion at O(ε) in the bulk of the fluid, which is governed
by the equations for steady viscous flow at a Reynolds number Rs. These are solved numerically,
imposing U(s)

e as a slip boundary condition at the surface of the cylinders.
We would like to emphasize that this method, employed here to study a cylinder pair, could

be used in general for objects of arbitrary shape. The velocity U(s)
e can be obtained from solving

the potential flow around the object, which provides the slip velocity and its derivative tangential
to the surface. For example, triangular or square-shaped cylinders could be studied, or arrays of
cylinders, as in the microfluidic experiments of Lieu et al. [32] or House et al. [33].

It can also be interesting to assess the particle-trapping capabilities of the streaming eddies,
especially in the strong streaming regime corresponding to Rs � 1. For that, the Maxey–Riley
equation can be integrated [34,35], analysing which terms are necessary to take into account.

The simple experiments reported here have succeeded in their aim to visualize the streaming
motion and were in good agreement with the numerical results. A small, unexpected, asymmetry
is present in the experimental observations, near the stagnation point between the cylinders.



14

rspa.royalsocietypublishing.org
Proc.R.Soc.A472:20160522

...................................................

A possible explanation for this offset are mechanical imperfections in the apparatus that drives
the oscillating motion of the cylinders. Three-dimensional effects due to the finite length of the
cylinder could also play a part in the asymmetry. Further investigation might be needed in this
regard.
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http://dx.doi.org/10.5061/dryad.75nn5. [43].
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Appendix A. Streaming velocity at the edge of the Stokes layer
In this section, we summarize the analytic expressions of Coenen & Riley [28] for the leading-
order inviscid flow, the associated velocity of slip, and the streaming velocity at O(ε) at the edge
of the Stokes layer. It is convenient to work with bipolar coordinates, related to the rectangular
coordinates (x, y) as

x = sinh η1 sinh η
cosh η − cos ξ

and y = sinh η1 sin ξ
cosh η − cos ξ

, (A 1)

with 0 ≤ ξ < 2π , 0 ≤ η <∞. The scale factor h is given by

h(ξ , η) = sinh η1

cosh η − cos ξ
. (A 2)

In this manner, the cylinders are located at η= ±η1, respectively, and the gap width between them
is ga = 2(cosh η1 − 1).

The inviscid leading-order flow, ψ̃0, is given by

ψ̃0(ξ , η) = − sinh η1 sinh η
cosh η − cos ξ

+ 2
∞∑

n=1

Bn sinh nη cos nξ , (A 3)

where

Bn = sinh η1 e−nη1

sinh nη1
. (A 4)

As it cannot satisfy the no-slip condition at the surface of the cylinders, there is a velocity of slip

V0 = − 1
sinh η1(cosh η1 − cos ξ )

×
[

sinh η1(1 − cosh η1 cos ξ ) − 2(cosh η1 − cos ξ )2
∞∑

n=1

nBn cosh nη1 cos nξ

]
. (A 5)

The streaming velocity at O(ε) that persists at the edge of the Stokes layer is

U(s)
e = −3

4
V0

h(ξ , η1)
dV0

dξ
. (A 6)
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